Abstract. We interpret the equivariant cohomology H
Introduction
A Bethe algebra of a quantum integrable model is a commutative algebra of linear operators (Hamiltonians) acting on the space of states of the model. An interesting problem is to describe the Bethe algebra as the algebra of functions on a suitable scheme. Such a description can be considered as an instance of the geometric Langlands correspondence, see [MTV2] , [MTV3] . The gl N Gaudin model is an example of a quantum integrable model [G1] , [G2] . The Bethe algebra B K of the gl N Gaudin model is a commutative subalgebra of the current algebra U (gl N 
This identification was motivated for us by the considerations in [RV] , [RSV] where the equivariant cohomology of the partial flag varieties were used to construct certain conformal blocks in V ⊗n . Our identification of the Bethe algebra with the algebra of multiplication operators of the equivariant cohomology H * GLn (F λ , C) can be considered as a degeneration of the recent description in [O] of the equivariant quantum cohomology of the partial flag varieties as the Bethe algebra of a suitable Yangian model associated with V ⊗n , cf. [BMO] .
In Section 2 we introduce the Bethe algebra. Section 3 contains the main results -The- 2.1. Lie algebra gl N . Let e ij , i, j = 1, . . . , N , be the standard generators of the Lie algebra gl N satisfying the relations [e ij , e sk ] = δ js e ik − δ ik e sj . We denote by h ⊂ gl N the subalgebra generated by e ii , i = 1, . . . , N . For a Lie algebra g , we denote by U (g) the universal enveloping algebra of g. 
. Let S n be the permutation group on n elements. For an S nmodule M we denote by M 
The symmetric group S n acts on V by permuting the factors of V ⊗n and the variables z simultaneously,
We are interested in the subspaces V
The image of the subalgebra 
For any λ, the subspaces V 
are contravariantly related through the Shapovalov form,
2.4. Bethe algebra. Given an N × N matrix A with possibly noncommuting entries a ij , we define its row determinant to be
It is a differential operator in the variable u, whose coefficients are formal power series in u
is called the Bethe algebra with parameters K.
to be the unital subalgebra of U (gl N [t]) generated by the leading terms of the elements B
is the unital subalgebra generated by the elements e ii ⊗ t
for j > 0 , where o(1) stands for the terms vanishing as K tends to infinity.
Remark. There are N ! asymptotic zones labeled by elements of S N in which K may tend to infinity. For σ ∈ S N we may assume that all coordinates of K tend to infinity and We consider the GL n (C)-equivariant cohomology 
The cohomology H λ is a module over H *
3.2. Integration over F λ . We will need the integration map :
The following formula (3.2) gives the integration map in terms of the fixed point set F
The Atiyah-Bott equivariant localization theorem [AB] says that for any [h(z, Γ 1 , . . . ,
Clearly, the right hand side in (3.2) lies in
The integration map induces the pairing
After factorization by the ideal J H we obtain the nondegenerate Poincare pairing
Lemma 3.1. The maps
Proof. If h belongs to the ideal of relations in (3.1) then h(z, z I 1 , ..., z I N ) = 0 for any I, because the Γ i = z I i substitution makes the generators of the ideal identities. This proves well-definedness. Consider the C[z]
.×S λ N of polynomials symmetric in the first λ 1 variables, the next λ 2 variables, etc. In Schubert calculus it is known that this module is free of rank d λ , and that it is isomorphic to H λ under the correspondence 
Let A be a commutative algebra. The algebra A considered as an A-module is called the regular representation of A. Here is our main result. 
The theorem follows from Lemmas 3.1, 3.2 and the nondegeneracy of the Poincare pairing. Let W n be the gl N [t]-module generated by a vector w n with the defining relations:
As an sl N [t]-module, the module W n is isomorphic to the Weyl module from [CL] , [CP] , corresponding to the weight nω 1 , where ω 1 is the first fundamental weight of sl N . In [MTV2] Here is an application of this fact.
This is a graded space. Denote by (
the subspace of all elements of z-degree k. Define the graded character by the formula
Corollary 3.7. We have
The corollary follows from Lemma 2.2 in [MTV2] and Corollary 3.6.
The isomorphisms (3.5) i The ρ ± structures can be defined topologically, see [RSV] and Appendix. The ρ − -structure appears to be more preferable. It was used in [RV] , [RSV] 
For arbitrary functions g 1 (u), . . . , g N (u), introduce the Wronskian determinant by the formula
We have
It is a differential operator in the variable u, whose coefficients are formal power series in u 
Theorem 4.2 ([MTV3]). The map
where o(1) stands for the terms vanishing as K tends to infinity.
Since y i (u) = (−1)
as K tends to infinity, the claim follows from formulae (4.1) and (4.5).
Theorem 4.5. :
Theorem 4.7. The map µ It is interesting to note that the element v − becomes a conformal block under certain conditions and satisfies a KZ equation with respect to z, see [V] , [RV] , [RSV] .
The limit of τ
Let all the coordinates of the vector K tend to infinity so that
Theorem 4.8. 
Consider the polynomial algebras
. Define an algebra homomorphism
with coefficients in C[Σ],
and The proofs of Theorems 4.9 and 4.10 are word by word the same as the proofs of Theorems 5.3 and 5.6 in [MTV2] .
Relations with quantum cohomology
In lectures [O] It is well-known how the Yangian Bethe algebra degenerates into the Gaudin Bethe algebra, see for example [T] , [MTV1] . This degeneration construction gives us the following fact. Introduce new parameters K 1 , . . . , K N by the formula q i = 1 + K i u, i = 1, . . . , N , and consider the limit of the algebra of quantum multiplication on H *
Appendix: Topological description of the gl N [t]-module structure on the cohomology of flag manifolds
Let A (resp. B , C ) be the rank λ a (resp. rank 1, λ a+1 − 1) bundle over F λ whose fiber over the flag
B , C ) be the rank λ a − 1 (resp. rank 1, λ a+1 ) bundle over F λ whose fiber over the flag
Consider the obvious projections
For an equivariant map f (eg. f = π 1 or π 1 ) the induced pull-back map on equivariant cohomology will be denoted by f * . For an equivariant fibration f (eg. f = π 2 or π 2 ) its Gysin map (a.k.a. push-forward map, or integration along the fibers map) will be denoted by f * . The equivariant Euler class of a vector bundle X will be denoted by e(X). The following theorem was announced in [RSV] . Proof. We will prove part (i), the proof of part (ii) 
.
On the other hand, the ρ − (e a,a+1 ⊗ t j )-image of x (using a version of the Atiyah-Bott localization formula for π 2 * ) is 
